
Proving geometric inequalities

Zoltán Kovács
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Abstract

We introduce GeoGebra Discovery that can automatically prove or
discover geometric inequalities. It consists of

an extended version of GeoGebra,

a controller web service realgeom,

and the computational tools Mathematica or Tarski
(that embeds QEPCAD B).

We successfully solve several non-trivial problems in Euclidean
planar geometry via a simple graphical user interface.

Some parts of this talk are joint work with
Róbert Vajda, Tomás Recio, M. Pilar Vélez, Simone Luksch,

Celina Abar, Alexandre M. Russo and other colleagues.
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Related work (Heimrath, 2021)
The Area Method in the Wolfram Language. Presentation at ADG 2021
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GeoGebra: open platform for teaching and learning math
geogebra.org
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GeoGebra Discovery: an experimental version of GeoGebra
github.com/kovzol/geogebra-discovery
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Implementation: System layout of GeoGebra Discovery
September 2020, Vajda and Kovács, “GeoGebra and the realgeom Reasoning Tool”

GeoGebra 5
Giac

realgeom
Giac

MathematicaMaple

QEPCAD B Reduce

Redlog

RegularChainsSyNRAC

 http 

 shell 

 MathLink 

 shell 

 shell 
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Implementation: System layout of GeoGebra Discovery
July 2021
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Implementation: System layout of GeoGebra Discovery
Planned, on-going work
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Motivation
The Pythagorean Theorem. . . a generalization

a2 + b2 . . .

= c2? > c2? < c2? something
else?

Kovács Proving geometric inequalities 11/28



Motivation
The Pythagorean Theorem. . . a generalization

a2 + b2 . . .

= c2?

> c2? < c2? something
else?
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Motivation
A generalization of the Pythagorean Theorem

1 Equational hypotheses:

2 Non-degeneracy condition:

v10 · (v5 · v4 − v6 · v3 − v5 · v2 + v3 · v2 + v6 · v1 − v4 · v1) = 1

3 Exploration related equation: µ · v2
7 = v2

8 + v2
9

4 Non-equational assumptions: v7 > 0 ∧ v8 > 0 ∧ v9 > 0

⇒ µ > 1/2
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Motivation
A generalization of the Pythagorean Theorem

Symbolic check in GeoGebra (via Relation(a2 + b2,c2)):
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Applied methods

1 Exploration related equation:

Q1 = µ · Q2

where Q1 and Q2 are the geometric quantities to compare and
µ ∈ R is a new variable (“proportion” or “ratio”).

2 Derivation of an equivalent form
of the (semi-)algebraic system:

1 elimination via Gröbner bases, for algebraic systems,
2 cylindrical algebraic decomposition (CAD) and

real quantifier elimination (RQE), for semi-algebraic systems.

⇒ m · Q2 <
(=)

Q1 <
(=)

M · Q2

where m,M ∈ R+
0 are sharp constants.
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A semi-algebraic technique
Cylindrical Algebraic Decomposition (CAD) and Real Quantifier Elimination (RQE)

Definition

Given a set S of polynomials in Z[x1, x2, . . . , xn], a CAD is a
decomposition of Rn into special connected semi-algebraic sets,
on which each polynomial has constant sign, either +, − or 0.

Example: S = {x2
1 + x2

2 − 1} and a CAD of it. Here R2 can be
decomposed into 13 semi-algebraic sets (13 = 1 + 3 + 5 + 3 + 1).
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Technical and mathematical background

G. Collins, “Quantifier elimination for the elementary theory
of real closed fields by cylindrical algebraic decomposition,” in
Lecture Notes in Computer Science, vol. 33, 1975,
pp. 134–183

A. Strzeboński, “Cylindrical algebraic decomposition using
local projections,” Journal of Symbolic Computation, vol. 76,
pp. 36–64, Sep. 2016

F. Vale-Enriquez and C. Brown, “Polynomial constraints and
unsat cores in Tarski,” in Mathematical Software – ICMS
2018. LNCS, vol. 10931, Springer, Cham, 2018, pp. 466–474
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Reformulating the problem as input for RQE (via CAD)
Generalization of the Pythagorean theorem, 280/1714 ms (MathLink/shell*)

The quantified formula (after simplifying):

∃
v10,v5,v6,v7,v8,v9∈R

µ > 0 ∧ v7 > 0 ∧ v8 > 0 ∧ v9 > 0 ∧

v10v6 − 1 = 0 ∧ −v2
5 − v2

6 + v2
7 = 0 ∧

− v2
5 + 2v5 − v2

6 + v2
8 − 1 = 0 ∧

− v9 + 1 = 0 ∧ −µ+ v2
7 + v2

8 = 0.

⇒ µ > 1/2 (a quantifier-free formula).
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Additional ways for users to enter input
. . .instead of using Relation(a2 + b2,c2)

1 Direct proof by typing Prove(a2 + b2 > c2/2), or by
trial-and-error:

e.g. Prove(a2 + b2 > c2)

→ false,
e.g. Prove(a2 + b2 > c2/3) → true,
. . .

2 Low-level command Compare(a2 + b2,c2) to get direct result
(→ JavaScript API)

3 In simpler cases: point-and-click (via the Relation tool)
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Bottema’s problem 5.3

If the lengths of the sides of a triangle are a, b, c , and the length
of its circumradius is R, then

a + b + c

≤ 3
√

3 R.
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Bottema’s problem 5.3
Comparison of the perimeter and the circumradius in a triangle

1 Equational hypotheses:
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Bottema’s problem 5.3
Comparison of the perimeter and the circumradius

Symbolic check in GeoGebra (via the Relation tool):
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Reformulating the problem as input for RQE
Bottema 5.3, 3529/2532 ms (MathLink/shell*)

The quantified formula (after simplifying):

∃
v10,v16,...,v21,v5,v6,v9,w1∈R

µ > 0 ∧ v17 > 0 ∧ v18 > 0 ∧ v19 > 0 ∧

v20 > 0 ∧ 2v10v5 − 2v10 − 2v5v16 + 4v16v9 − 2v9v6 + v6 = 0 ∧
− v5 − v6 + 2v9 = 0 ∧ 2v10 + v5 − v6 = 0 ∧ v21v6 − 1 = 0 ∧
v18 + v20 − w1 + 1 = 0 ∧ −4v2

16 + 4v2
17 − 1 = 0 ∧

v2
18 − v2

5 + 2v5 − v2
6 − 1 = 0 ∧ v2

20 − v2
5 − v2

6 = 0 ∧
− µ · v17 + w1 = 0 ∧ −v19 + 1 = 0

⇒ µ ≤ 3
√

3 (a quantifier-free formula).
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Benchmarks

131 simple/moderate tests Database

117/115 can be successfully solved (Mathematica/Tarski)
within 30 seconds

Density estimate on 103 tests that work uniformly (timing in ms),

µM = 1361, µT = 2841, σM = 3379, σT = 4616

46 additional tests to prove a given conjecture Database

33/35 can be successfully proven (Mathematica/Tarski)
within 60 seconds
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Speed issues: how do you draw your construction?
It does matter which bisectors and radius are chosen!

Bottema 5.3

Mathematica

Linux amd64 b, c a, c a, b
R = AD 2532 2651 t/o
R = BD t/o 2533 t/o
R = CD t/o 2554 t/o

Raspbian 10 b, c a, c a, b
R = AD 3529 3675 t/o
R = BD t/o 3660 t/o
R = CD t/o 3706 t/o

Tarski

Linux amd64 b, c a, c a, b
R = AD 631 t/o 1351
R = BD t/o t/o 1382
R = CD t/o t/o t/o

Chrome WASM b, c a, c a, b
R = AD 6886 t/o 16717
R = BD t/o t/o 15924
R = CD t/o t/o t/o

Timings are given in milliseconds.
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Communication from Java to Mathematica
. . .via shell (slow but works in all versions of Mathematica)
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https://github.com/kovzol/realgeom/blob/9e8f8a74fc808628ab2b33d383cc3415013fb8f8/src/main/java/realgeom/ExternalCAS.java#L101-L128


Communication from Java to Mathematica
. . .via MathLink (fast but requires full version of Mathematica)
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https://github.com/kovzol/realgeom/blob/9e8f8a74fc808628ab2b33d383cc3415013fb8f8/src/main/java/realgeom/ExternalCAS.java#L130-L155


Thank you!
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https://www.geogebra.org/m/wtug3zcn

